Green's-function techniques are used to calculate electron cyclotron current drive (ECCD) efficiency in general tokamak geometry in the low-collisionality regime. Fully relativistic electron dynamics is employed in the theoretical formulation. The highvelocity collision model is used to model Coulomb collisions and a simplified quasilinear rf diffusion operator describes wave-particle interactions. The approximate analytic solutions which are benchmarked with a widely used ECCD model, facilitate time-dependent simulations of tokamak operational scenarios using the non-inductive current drive of electron cyclotron waves.
I. INTRODUCTION
Electron cyclotron current drive (ECCD) is the generation of electrical currents in plasmas by the application of electromagnetic waves at frequencies near the electron cyclotron frequency or its low harmonics. Seminal discussions of the physics of ECCD were first made by Ohkawal and Fisch and Boozer2. Subsequent theoretical investigations3-12 of ECCD were mostly specific to tokamak geometry and elaborated on the reduction of the current drive efficiency which originates from the trapped electron effect, the so-called Ohkawa effect. The effects of relativistic mass shift on carrier dynamics and the cyclotron resonance condition were also shown theoretically to be important in determining the ECCD efficiency and p r~f i l e '~.~~. In tokamaks ECCD can sustain plasma current noninductively in order to reduce the dependence on the ohmic heating coil. More significantly, recent research has shown that optimization of the current profile can bring benefits in plasma stability and confinement15 to the extent that economically attractive steady-state operation of tokamak reactors appears to be possible.
ECCD is a strong candidate for current profile control because it can be highly localized near the cyclotron resonance in the plasma. This property also makes ECCD useful for stabilizing various magnetohydrodynamic (MHD) instabilities, particularly the neoclassical tearing modes16.17, which may limit the achievable plasma pressure.
Quantitative measurements of the properties of ECCD have been made in the DIII-D tokamakl8.19. These experiments cover a broad range of plasma and wave parameters predicted to be important in influencing the current drive efficiency, like density ne, temperature Te, normalized minor radius p, poloidal angle (referring to the location of the current drive on a flux surface), and parallel index of refraction rill. Reference 18 shows that over the entire parameter range tested agreement between the experimental measurement of ECCD and the results of Fokker-Planck calculations of the CQL3D code20 is within experimental uncertainty. This appears to validate the basic ingredients in the physical mechanism of ECCD: the Fisch-Boozer current drive mechanism2, the Ohkawa effect1, and the relativistic effects13914.
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IN GENERAL TOKAMAK GEOMETRY Although the Fokker-Planck calculations are comprehensive for modeling ECCD, they are time consuming and not convenient for comprehensive modeling of tokamak systems, particularly for time-dependent modeling of operational scenarios. For this purpose, it is desirable to have a simple and relatively accurate method for calculating ECCD efficiency. In the widely used ray tracing code TORAY-GA21-M, a simplified model developed by Cohen11 is used to evaluate ECCD. This model is based on the Green's function formulation of rf current drive efficiency25>26,5. A semi-relativistic response function is used to calculate the current drive. The slowing-down part of the high-velocity collision operator is approximated by an expansion in T/mu2, where u is the momentum per unit mass, in order to make the response function for current drive separable in energy and pitch angle. The magnetic well is approximated as a square well in order to obtain an analytic solution. The momentum dependence of the response function thus obtained is judiciously modified, based on Fisch's relativistic theory13 for straight-field-line magnetic geometry, to account for relativistic effects.
In the present work fully relativistic electron dynamics are used, starting with Fisch's high-velocity collision model13. An approximation based on the Legendre expansion of the pitch angle E = v,,/v is made to the slowing-down part of the collision operator to make the response function separable in energy w and the pitch angle variable h = plw, where p is the magnetic moment, and w is the particle energy. The resulting mathematical problem may be solved analytically. The solution is shown to be exact in the Lorentz gas limit (Zeff >> 1) for general tokamak equilibria, and it recovers Fisch's current drive result13 in the limit of large aspect ratio.
The discussion starts with a brief review in Section I1 of the Green's function formulation for rf current drive in general tokamak geometry. We follow the work by Antonsen and Chu26. Their formulation is applicable to all collisionality regimes. A natural local dimensionless current drive efficiency appropriate to general tokamak geometry is introduced. Then it is expressed in terms of the integrals involving the rf-induced flux in velocity space and the response function introduced in the Green's function formulation. In Section I11 the bounce-averaged equation for the response function in the low collisionality regime is derived. (The low collisionality regime is most relevant for ECCD in present-day and future devices.) In Section IV the relativistic high-velocity collision model13 is used and the corresponding bounce-averaged equation
is solved approximately to obtain a semi-analytic response function for the driven current in general tokamak geometry. In Section V the theoretical formulation is applied to calculate the ECCD efficiency. The results are compared systematically to those obtained using Cohen's modelll. A few practical cases using the DIII-D geometry are also presented in which the full ray-tracing is applied. Finally, a summary of the paper is given in Sec. VI. In Appendix A, we present an interpolation formula for the angular part of the response function, which simplifies the numerical evaluation of ECCD efficiency.
In Appendix B, we consider the relation between the local dimensionless current drive efficiency defined in this paper and the current drive figure of merit used by experimentalists 18, 1933 .

II. GREEN'S-FUNCTION FORMULATION FOR RF CURRENT DRIVE IN TOROIDAL GEOMETRY
By using the Green's-function formulation to evaluate current drive efficiency, we are assuming that the electron distribution function is close enough to the Maxwellian distribution, i.e., f = fM , for the Coulomb collision operator to be linearized, and that the rf power density is not too high such that interaction between the waves and electrons can be described by S , (fM), where S , denotes the rf-induced quasi-linear diffusion operator in velocity space. Ignoring the small cross-field drifts and finite banana width, the perturbed distribution function fi satisfies the linearized Fokker-Planck equation27: e where C, denotes the linearized Coulomb collision operator and fi is considered as a function of particle energy w, magnetic moment p, and a poloidal angular variable 8 at a given flux surface, which could be labeled by the poloidal flux function v . Within the small gyro-radius expansion scheme which we adopt here, the rf driven current is parallel to the local magnetic field, i.e., jrf = jllB/B = j16, with
where dT is the volume element in velocity space. By integrating both sides of Eq. (1) and using the assumption of axisymmetry, it is straightforward to show that J,l has a poloidal angular dependence of where y(q) is a function of I ) only. Hence, jll/B is independent of the poloidal angle 8, and can be written as Here the notation (. . .) denotes the flux-surface average, To evaluate jll/B, it is most convenient to use the Green's-function techniques.
Consider the response function for the driven current x , which satisfies the equation:
where C, e+ is the adjoint collision operator; C: ' According to Eq. (l), the absorbed rf power density in the linear regime can be written as
where w is the particle energy.
Motivated by the introduction of a new dimensionless current drive figure of merit c by experimentalists28318, we define the corresponding local current drive efficiency as where is the permittivity of free space, ne and Te are, respectively, the local electron density and temperature. Using the fact that (jl,) = (jll/B)(B) and Eqs. (8)- (9) 
THE BOUNCE-AVERAGED RESPONSE FUNCTION
To obtain the response function x , we are required to solve Eq. (6). As it stands, the numerical problem involved is three-dimensional; at a given flux surface, x is a function of particle energy w , magnetic moment p , and poloidal angle 0,. To simplify the numerical problem involved, the assumption is often invoked that the effective collisional frequency is much smaller than the bounce frequency such that the trapped electrons are allowed to complete the banana orbits at all energies. This low-collisionality assumption is justified for reactor-grade tokamak plasmas in which the electron temperature is sufficiently high or the velocity of the resonant electrons is much larger than the thermal velocity, so that the influence of collisionality on the current drive efficiency can be neglected. As for the parameter regimes of the present-day experiments, it is generally believed that collisionality corrections on the current drive efficiency would be only significant in the case of strong trapping29. Nonetheless, there is no systematic quantitative study of the effects.
In the low-collisionality regime (the "banana" limit), we consider the ratio of the effective collision frequency to the bounce frequency to be a small parameter, 5) ). In the following, we will limit our discussions to the banana regime, and in referring to xo the subscript 0 will be suppressed.
IV. RESPONSE FUNCTION IN FISCH'S RELATIVISTIC HIGH-VELOCITY COLLISION MODEL
In this section, we consider Fisch's relativistic high-velocity model13 and solve the 
where Several Remarks on the results obtained so far are in order. We note that the given in Eqs. (27) ' (29)' and (33) is an approximate (dimensionless) response function solution for the relativistic high-velocity collision model. For any tokamak equilibrium it is exact in the Lorentz-gas limit (Zeff >> I ) , in which the pitch-angle scattering process dominates. We can recover Fisch's results13 by considering the limit of large aspect ratio: 
V. ECCD EFFICIENCY
Y.R. Lin-Liu, et al.
The theoretical formulation of rf current drive discussed thus far is not specific to any particular wave provided the wave does not significantly alter the electron distribution. In this section, we specialize to the case of ECCD. Following Cohen'l, we will use a simplified quasi-linear diffusion operator for EC waves. 
VI. SUMMARY
This paper describes the formulation and development of the most complete linear electron cyclotron current drive model for tokamaks. A previously developed model1 l, which has been extensively used in transport modeling and comparison with experiments, uses a weakly relativistic expansion of the Coulomb collision operator. The magnetic geometry is also simplified by use of a square-well model to obtain an analytic solution.
While the model has had good success in validation against experiments, the accuracy of the approximations has never been checked against more complete models. In the present work, fully relativistic electron dynamics are used. Recognizing the similarity between this problem and neoclassical transport, an approximation based on Legendre expansion commonly used in the latter is adopted to again arrive at an analytic solution, crucial in terms of speed and accuracy for coupling the current drive model to ray-tracing for time-dependent transport simulations. The analytic solution is shown to be exact in the Lorentz gas limit for general tokamak equilibrium geometry. In comparing with the Cohen model, relatively small differences between the two models have been found in the cases run so far.
Finally, it should be mentioned that the linear ECCD model predicts accurately the scaling of the current drive efficiency for all the relevant plasma parameters. However, it does not account for the presence of an Ohmic electric field and the synergistic contribution of the electric field to ECCD. This effect is most important in present-day experiments in which the current drive has not reached steady-state condition. This physics has been modeled satisfactorily by quasilinear Fokker-Planck codes. For future long-pulse or steady-state tokamaks, the linear ECCD model as described in this paper is expected to provide an accurate model both qualitatively and quantitatively.
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where h 3 B/ Bmax . Let's write
In terms of the new variable
Note that for h = 0, s = 0 and h = 1 , s = 1 . Also, 0 < h < 1. Hence, both g and (g) can be expressed as a power series of s for s e 1 ,
GENERAL ATOMlCS PROJECT A24257
A-1
To carry out the higher order terms in s for evaluating (g) may not be particularly fruitful. Here we propose an interpolation formula,
Here the coefficient c2 is determined by Eq. (A.4) in the limit of s<< 1 and the coefficient c4 adjusted to give the exact value at the limit s = 1 . This leads to
(1 -(4)
Three flux-surface averaged quantities are needed for the interpolation formula. They are
( h ) , (h2), and ((1 -h)'").
Expressing h in terms of s and after some straightforward algebra, we find that for 
S(1 -(h)+ z(h))3'2[1 +z2(c2(l -z2)+c4z2)]'
For the model circular equilibrium we have considered in the main text, i.e., B, B, 1 / I + E cosep and de, de , the flux-surface average of a quantity is given by The geometric factors involved pertain to the flux surface of interest. In the limit of large aspect ratio ( E --+ o >, 5 = <*.
